Universitat Bonn 

Physikalisches Institut 



New N=l Extended Superconformal 

Algebras 
with Two and Three Generators 

(to be published in Int. Jour, of Mod. Phys. A) 

R. Blumenhagen, W. Eholzer, A. Honecker, R. Hiibel 



Abstract 

In this paper we consider extensions of the super Virasoro algebra by one and two super 
primary fields. Using a non-explicitly covariant approach we compute all iSW-algebras 
with one generator of dimension up to 7 in addition to the super Virasoro field. In 
complete analogy to >V-algebras with two generators most results can be classified us- 
ing the representation theory of the super Virasoro algebra. Furthermore, we find that 
the <SW(|, ^) -algebra can be realized as a subalgebra of <SW(|, |) at c = ^2. We also 
construct some new iSW-algebras with three generators, namely <SVV(§, §, §), <SW(|, 2, 2) 
and SW(§,2,§). 



Post address: 
Nufiallee 12 
W-5300 Bonn 1 
Germany 

e-mail: unp039@ibm.rhrz.uni-bonn.de 



BONN-HE-92-02 



hep-th/ 9207072] 
Bonn University 
January 1992 
ISSN-0172-8733 



1. Introduction 



Extended conformal and superconformal algebras have gained intensive interest in theo- 
retical physics because they can be considered as symmetry algebras of conformal quantum 
field theories (CFT). One hopes to describe all rational conformal quantum field theories 
(RCFT) as minimal models of extended chiral algebras [1], so-called W-algebras. 
The first W-algebras were constructed by Zamolodchikov in 1985 [2]. He extended the 
Virasoro algebra by primary fields up to dimension three. Two of these W-algebras have 
the typical property that normal ordered products appear. We denote the extension of the 
Virasoro algebra by primary fields of conformal dimensions Si, . . . , S n by W(2, Si, . . . , S n ). 
In the last years, several methods have been developed to find new W-algebras. One ap- 
proach uses the free field construction based on Lie algebras and their infinite dimensional 
extensions, the Kac- Moody algebras [3] [4] [5] . 

In this paper we use a different method, constructing the algebra explicitly. Using this 
method a whole bunch of W-algebras has been constructed [6] [7] [8] [9] [10] [11]. In [10] [11] a 
constructive algorithm has been presented which is based on a structural theorem about 
chiral SU(1, 1) invariant algebras [12]. It has been shown in [9] that W-algebras with two 
generators can only exist for generic values of the central charge, if the conformal dimension 
of the additional primary field is contained in {±,1, §, 2, 3, 4^ 6 \ 6^}. In [10] [11] it has 
been shown that several other W(2, 5)-algebras exist for finitely many values of the central 
charge c. The possible c values are essentially determined by the representation theory of 
the Virasoro algebra. 

RCFT's describe two dimensional statistical models at second order phase transitions. 
Furthermore there are statistical models which possess superconformal invariance [13] at 
criticality. These models are described by minimal models of the super Virasoro algebra. 
Similar to the Virasoro algebra, the minimal series is bounded from above by c = §. 
In order to get minimal models with higher values of the central charge one investigates 
extensions of the super Virasoro algebra, called super W-algebras. 

In this paper we consider extensions of the super Virasoro algebra by one and two super 
primary fields. In general we denote the extension of the super Virasoro algebra by super 
primary fields of dimension d\, . . . , d n by <SW(§, di, . . . , d n ). Some <SW(J, <i)-algebras have 
already been calculated in [14] [15] [16] [17]. As far as one knows <SW(§\ d) -algebras exist 
generically only for d G {|,1, |,2}. For d ^ 2 these algebras are super Lie algebras. In 
[17] all S W ( f, d) -algebras up to d = | have been constructed using the super conformal 
bootstrap method. Here we extend this series of algebras up to d = 7 using the same meth- 
ods as presented in [10]. Superconformal covariance is implemented by considering Jacobi 
identities involving the generator G(z) of pure super transformations. This algorithm dif- 
fers from the explicitly covariant one presented in [18]. Nevertheless these two algorithms 
seem to be equivalent. For d > | the <SW(|, <i)-algebras exist only for discrete values 
of c. Most of these values can be classified in complete analogy to the W(2, 5)-algebras, 
essentially using representation theory of the super Virasoro algebra. Furthermore, we find 
that the <SW(|, 4r)-algebra can be realized as a subalgebra of the <SW(§, |)-algebra for 
c = ^. A similar construction has been carried out in [19] where it has been shown that 
<SW(| , I) is contained in <SW(§, §) for c = f . 



1 



This paper is organized as follows: In the next chapter we review a general theorem about 
chiral 577(1,1) invariant algebras. In the third chapter we give the general outline for 
the construction of iSW-algebras in the non-explicitly covariant approach. Chapter four 
contains our results on <SW(§, (i)-algebras. Afterwards we discuss these results in chapter 
five. We continue with our results concerning 5W(§, d\, e^-algebras in chapter six. In 
chapter seven we draw some conclusions from the results obtained. 

2. General theorems about SU(1,1) invariant algebras 

This chapter is devoted to a short review of well known results concerning algebras of local 
chiral fields. We will only give a brief summary; for proofs as well as for details we refer 
to [20] [10]. 

Let T be the algebra of local chiral fields of a conformal field theory defined on 2- 
dimensional spacetime (with compactified space). Because of 577(1, l)-invariance T carries 
a natural grading by the conformal dimension and is spanned by the non-derivative (i. e. 
quasiprimary) fields together with their derivatives. In T the operation of building normal 
ordered products (NOPs) is defined (see below). 

We define the Fourier decomposition of a left chiral field by <p{z) = X] n -d(»eZ z n ~ d ^<t>n ■ 
We call the Fourier-components (p n the 'modes' of (p. 

Denote the vacuum of the theory by | v ) . Requiring the regularity of (p(z) \ v) at the origin 
implies 

(p n \ v) = Vn< d{4>) (2.0) 

It is well known that the modes of the energy momentum tensor satisfy the Virasoro 
algebra 

[L m , L n ] = {n- m)L m+n + —(n 3 - n)5 n+mfi (2.1) 

with central charge c. A primary field (p of conformal dimension d is characterized by the 
commutator of its modes with the Virasoro algebra (2.1): 

[L m ,(j> n ] = (n- (d- l)m)0 n+m (2.2) 

Iff a field (p satisfies (2.2) for m G { — 1, 0, 1} this field is called 'quasiprimary'. 

As was shown by W. Nahm [20] [12] locality and invariance under rational conformal trans- 
formations already impose severe restrictions on the commutator of two quasiprimary chiral 
fields: 

Let {(pi | i G 1} be a set of non-derivative fields of integer or half integer dimensions 
d((pi) = di, which together with their derivatives span T . Then the mode algebra of the 
Fourier components of left chiral fields has the form 

[(f>i,m, (f>j,n}± = C^. p ljk (m, n)(p k)rn+n + dij 8 n _ m (^^ci- l 
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Here the dij describe the normalization of the two point functions and the . are the 
coupling constants between three quasiprimary fields. The pijk are universal polynomials 
depending only on the dimensions of the fields (pi , 4>j and 4>k ; their explicit form is presented 
in [10]. 

In addition to their Lie bracket structure the algebra JF admits another important opera- 
tion, namely forming normal ordered products (NOPs) of chiral fields. Usually the NOP 
of two chiral fields 0, \ is defined in terms of Fourier components as follows 

N((j),x)n-= e<^x fin-kXk + Xk^n-k (2.4) 

k<d( x ) k>d( x ) 

e<^ x is defined as —1 if and \ are both fermions and 1 otherwise. 

In this form it occurs in the regular part of the OPE of and x, but it is not a non- 
derivative field, so that e.g. equation (2.3) cannot be used to gain any information about 
its commutator with other fields. For the NOP to be 'well behaved' under SU (1,1)- 
transformations we have to add some counterterms to iV(0, x) defined in (2.4): 

With the assumptions and notations from above we define the normal ordered product of 
two chiral fields by [12] 

n 

N(4>^d n 4>i) := N(^d n &) - (Y^N^d^^) +E4W^^ W ^) ( 2 -5) 

r=l k 

Where ck£- , (3^ (n) , 7^ (n) are polynomials depending only on the conformal dimensions of 
the involved fields (for more details see [10]). This definition yields a quasiprimary field of 
conformal dimension di + dj + n. 

Since the field content of JF is infinite one introduces the notion of non-composite, 'simple' 
fields. To be more precise, if a basis for T can be obtained from a set of fields {4>i}i E j 
using the operations given above (forming normal ordered products and derivatives) we 
will say that the fields {4>i}i E j generate T . If all fields in {0j}j 6 j are quasiprimary and 
orthogonal to all normal ordered products we will call these fields 'simple'. A set of simple 
fields will be called a simple set. 

The commutators of normal ordered products are completely determined by the commu- 
tators of the simple fields involved. This means that the whole Lie algebra structure of 
the mode algebra of JF is already fixed by the commutation relations of the simple fields. 
The coupling constants of the simple fields determine all other coupling constants. 

In general, W-algebras are not Lie algebras since the commutators do not close linearly in 
the fields. If the OPE corresponding to the mode algebra is required to be associative, the 
mode algebra has to fulfil all possible Jacobi identities. In order to ensure the validity of 
all Jacobi identities it is sufficient to verify that only those involving simple fields (besides 
L) are satisfied. Looking at the corresponding OPE one notices that it is sufficient to 
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show that the factors in front of primary fields vanish. This leads to equations among the 
coupling constants connecting three simple fields. 

3. General definitions and theorems about <SW-algebras 

In this chapter we adapt the results of the conformal case to the superconformal one. 
To this end, we recall the definitions of super fields, super primaries and super Jacobi 
identities. Furthermore, we set up some conventions and establish some simple relations 
between various structure constants arising from superconformal covariance. 

The super Virasoro algebra is the extension of the Virasoro algebra by a primary field G 
of dimension |. Using the normalization dec = > the commutation relations take the 
following form: 

[L m , L n ] = (n - m)L m+n + — (n 3, - n)5 n+rn:0 

[L m , G n ] = (n - \n)G m+n (3.1) 

C 2 1 

[G m , G n ] + = 2L m+n + g( m ~~ -^)dm+n,o, 

which can also be obtained from the theorem of chapter 2. This algebra is known as the 
central extension of the algebra formed by the generators of superconformal transforma- 
tions in super space Z consisting of the points (z, 9), where 9 is a Grassmannian variable. 
The two fields can be composed to the super Virasoro field C = \G + 9L, defined on Z. 
A field $ = 4> + 9ip is called super primary of dimension d = d(3>), iff and ip are Virasoro 
primaries of conformal dimension d and d + \ respectively and 

[G n ,(p rn ] ± = C^ps )CM+ i(n,m) ip n+m = Cg^Vn+m 

(j> (3.2) 
[G n ,if> k ]± = Co^P^d+^di^k) <p n+k = -^(k-(2d-l)n)(j) n+k , 

with (f) and ip super partners of each other; here Cq^ and Cq^ are certain structure con- 
stants and we have inserted the universal polynomials Pijk- In perfect analogy to the 
quasiprimary case a field <fi + 9ip is called super quasiprimary iff cf> and -0 are Virasoro 
quasiprimaries and (3.2) holds for n E {|, — This definition is equivalent to the covari- 
ant definition of super primary fields [21]. 

Let A = {G, L, 0i, ipi, (f) n , ip n } be a simple set with super primaries $i = <pi + 9ipi. 
We will call the algebra generated by A a «SW(§, d(G>i),...,d(G> n )) and the fields $i, $ n 
additional fields. 

To ensure the existence of 5W(|, di, d n ) super Jacobi identities have to be checked 
which are of the general form: 

( e x l x fe [[x l , P ,Xj, g ] ± ,Xfc,r] ± ) =0, (3.3) 
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where Xi, Xj an d Xk are components (0 or ip) of super fields. In the sequel we will denote the 
factor in front of the field xi,p+q+r on the left hand side of (3.3) by (xi,p> Xj,qi Xk,n Xl,p+q+r)- 
The simplest example for iSW-algebras is the super Virasoro algebra (3.1) since it obeys 
the super Jacobi identities (3.3), which is also a super Lie algebra. 

The identities (3.3) will lead to relations involving different structure constants. Some of 
these identities hold in general, already determined by the supersymmetric structure. This 
illustrates the fact that we are working with a non-explicitly covariant approach, dealing 
with components of super fields rather than with super fields themselves. 
These relations between various structure constants can be derived from simple Jacobi 
identities involving the component G of the super Virasoro field. In order to give some 
examples we fix the normalization of the fields first: 

(_ 1 )2d(^)+l c 



c 



2d(&) + l d(&) (3 4) 



Note that in the covariant approach this leads to the standard normalization of super fields 
[18]. 

Then we can e.g. determine the structure constants Cq^ and Cq^ in (3.2): 

^ = 2^, and (^) 2 = 1 ( 3 - 5 ) 

The first of these relations between the different structure constants is a direct consequence 
of the normalization of the fields (pi and ipi and the fact that they are simple fields. The 
other relation is easily seen for di E IN by the following argument (the case di E IN + | is 
treated similarly): Consider the following Jacobi identity: 

{[[G r ,G a ] ± Ai,m] ± ) cycl =0 
Because (G r , G s , 4>i,mi 4>i,r+s+m) has to be zero we obtain: 



using C^ iG = 2diCQ,, Cq G = 2 and C^. = di, one obtains: 
In this chapter we will choose the positive root, so that Cq^. = 1- 

Furthermore, all possible coupling constants between three super primary fields (<j>i,ipi) x 
(<f)j,ipj) — > (4>k,'4>k) are determined by a single coupling constant of the components: 



5 



i) dt + dj + dk GN + ±: 

Ci^=2d k (* , Cj;^ = (-l) 2 * +1 2d*C% , ^ = (-l)^+ 1 K- fc + i)Cj. (3.6a) 

with <* = Cf^ 

ii) d; + dj + d k 6N: 

W- fe _ hiklfk ^ k _ /_ 1 N2d i +lL. ?- fc W>fc _ (_i\2di^3fci /o fi u\ 



with 4 = , 
and cTijfc = di + dj + 4 — 1 , /iy/- = d^ + dj — dfc 
For a proof consider the condition 

(Gh <f>i,m, <l>j,n>1pk,l+m+n) = 0. 

This yields an equation in the coupling constants 

H>h W>fc W>fc 

SMj ' <^ ' ^i^- 
Setting I = j , to = dj — dfc , n = 1 — dj and i = — | , to = 1 — dj , n = di — dk one 
obtains two equations. Combining these equations proofs the first two relations. The other 
relations are obtained by studying 

(Gl, (j)j,m, 1pi,n, 4>k,l+m+n) = 
(Gl,1pi, mi l()j :n ,(f)k,l+m+n) =0 
(Gl,ljjj tm , <l>i,n,fpk,l+m+n) =0. 



Remark 3.1: If one assumes that a basis of super quasiprimary fields exists (e.g. in 
the covariant approach) the formulae given above hold also for super quasiprimary fields 
since only I G {|, — \} is needed for the proof. The same formulae can be deduced in the 
explicitly covariant approach [18]. 

Remark 3.2: Because of C* = (-l^Wl+^+s] (*. and = (-l)[*]+&]+Hfc] one 
obtains for (0j,i/^) = (<j)j,ipj): 

i) c£ ^ dfc G 2N 

ii) Q ^ dfc + | G 2N 

In the explicitly covariant formulation [18] it is evident that in the singular part of the 
OPE of a super primary field $i with $j no normal ordered products of these super 
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fields appear. In the non-explicitly covariant approach this may happen only if the field 
J\f((f>i,(f)j) appears in the commutator [ipi,i^j]±. In this case either J\[{4>i,<t>j) must have 
a vanishing primary projection and can be replaced by a linear combination of the other 
fields of dimension di + dj or the relevant coupling constant has to vanish. Denote the 
primary projection of by V4>. Then one has 

7Wta,^0 =► < ( ^ j) =0 (3.7) 



Since 

[lpi,m,ll>j,n}± = C^'^W(0i,0j)m+n + ••• , 

applying Gi to [ipi, m ,ipj,n] ± yields 

GAf(<f>i,<f>j) t^iipj Jy W ' V3>n+m+\ + GAf(4>i,4>j) tpiipj JV \Vi,93 )n+m+% + — 
= [Gl,[^mij,n] ± ] ± 

= (m-di + i)[^, m+ i ,^j,n} ± + (n- dj + hMi,n+^9j,m} ± , 

where the dots stand for fields which are linearly independent from Af((f>i, ipj) and J\f(ipi, <f)j). 
Because ^If^^.) and C^A/X^^-) are nonzero an d in the commutators in the last line 
the field jV(0j,V>i) does not occur C^f 1 '^ has to vanish. 

Remark 3.3: We use the following normalization in our calculations instead of (3.4): 

d ^ = dk) ^ d ^ = dk) (3 ' 4/) 

While the normalization (3.4) is more convenient for proofs this one is more convenient 
for practical calculations (in this normalization the <i-matrices almost factorize completly 
into linear factors (cf. appendix A and C) ). 

Now equations (3.5) and (3.6) have to be modified slightly. One obtains e.g.: 

= ^i(-l) M ' +1 C*V, Md (C^,) 2 = (-l) 2 * +1 (2d,: + l) (3.50 

^) 2 -^) 2 ( ' 1) T^ +1) ^) 2 ^ 

After this general setup we present an algorithm for the explicit constuction of SW- 
algebras. Let A = {G, L, 0i, ipi, <f> n , ip n } be a simple set and <&i = (pi + Otpi super 
primaries of dimension di. 
Then one proceeds as follows: 

First write down all linearly independent NOP's which may appear in the commutator of 
the simple additional fields. The algorithm used is based on the following facts. Let <fi be 
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a quasiprimary NOP of dimension S. Then the quasiprimary projection of d(f> = [£i,0] 
is zero and leads to a linear equation in quasiprimary NOPs of dimension 5 + 1. Such 
equations can be used to reduce the set of all possible NOPs of dimension 6 + 1 to a basis. 
Formally, this can be described by assigning to each quasiprimary field of dimension S a 
coloured partition p(S). The linear equation obtained by the quasiprimary projection can 
be written in terms of partitions of 5 + 1. Thus the main step of the algorithm is to delete 
for any p(5) an arbitrary p(5 + 1) that can be obtained by adding 1 to some element of 
p(S). For details of the algorithm as well as for a proof and examples we refer the reader 
to [22]. 

Secondly, calculate all structure constants appearing in these commutators. The structure 
constants connecting three additional super primary fields remain as free parameters. 

Finally, one has to check all Jacobi identities with additional super primary fields only. 
This will in general lead to conditions for the free coupling constants and the central charge. 



Note that the coupling constants containing one G are determined by (3.5) and the coupling 
constants between the superconformal families are determined by a single coupling constant 
(cf. (3.6)). 

In order to check the validity of the Jacobi identities it is sufficient to ensure that all 
factors in front of the primary fields vanish. Primary fields include the additional simple 
fields and perhaps fields built from NOPs of two additional fields and G, L. If the coupling 
constants of the additional simple fields vanish, such NOPs cannot turn up in the Jacobi 
identities and one has to check the factors in front of the additional simple fields only. 
If some coupling constants are nonzero one has to calculate which primary projections of 
NOPs of additional simple fields do not vanish and to ensure that the coefficients in front 
of these fields are zero. This is primarily a practical problem since the calculation of these 
factors is very complicated. Therefore we checked the factors in front of the simple fields 
only. In fact, there is no example showing that these conditions are not sufficient (in all 
previously known cases we obtained the same results). Indeed there are some examples 
where non-simple primary fields occur in the Jacobi identities and do not lead to further 
restrictions (see for example <SW(§, 2) in the next chapter). 

For the special case of SW-algebras with two and three generators this general outline 
reduces to the following. 

While for iSW-algebras with two generators there remain two free parameters (c and the 
self-coupling) there are five free parameters (c and four coupling constants) for SW- 
algebras with three generators. The coupling constants C J U vanish if dj G 21N + 1 or 
dj E 21N + | (cf. remark 3.2). In almost all calculations we verified that the Jacobi iden- 
tities with L or G involved are satisfied automatically, if one uses (3.5) and (3.6). In one 
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superconformal family four Jacobi identities remain to be checked: 



UmAn] ± Ak] ±cycl =Q 

[[4>mAn] ± Ak] ±iCycL = 
[[i>rn,ll>n]±,<j>k] ± ^ ycL = 
[[lp m ,1pn]±,1pk] ±jCycL = 

For <SW(§, di, c?2)-algebras there are six Jacobi identities involving two fields of one addi- 
tional superconformal family and one of the second family, such that alltogether 20 Jacobi 
identities have to be verified. 

We denote the coupling of &i with <£>j to <£>*: by C*^ , where 



Ct% , d($ k ) E IN 



cih, = < Jpt ' L : „ , i (3-6) 



If there exist null fields for a possible discrete value of the central charge one has to ensure 
that either all further calculations are performed without these null fields and fixed central 
charge or that they are performed generically. 

4. Explicit results on <SW(|,d)-algebras 

In this chapter we present our results on explicit constructions of several <SW(§, <i)-algebras. 
All symbolic calculations have been performed in MATHEMATICA™ and REDUCE 
while for the time consuming commutation operations and the expansion of NOP's a 
special C-program had to be used. 

Since the values of the coupling constants do not depend on the special choice of the basis 
in the space of quasiprimary fields we will in general omit the coupling constants involving 
non-simple fields. A special choice of a quasiprimary basis is contained in appendix A and 
B. In appendix C we list the Kac-determinants of states involving exactly one additional 
field. 

The cases § < d < | were treated by J.Figueroa-O'Farrill et al. [17]. 
SW(§,§) 

This algebra is a super Lie algebra with the followig commutation relations: 



[0m, 4>n] + = C^lpm+n + 2L m+n + - (m 2 - -)5 m+n $ 



C ( 2 1 

-{m — - 
1 3 



[V'm, V>n] = — - — CJ^m+n + (n - m)L m+n + — (n 3 - n)5 m+nfi 
where = and C% = \C% 
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Thus <SW(§, |) exists generically and the coupling constant is a free parameter. Note 
that one may choose a new basis, such that the resulting commutators define the direct 
sum of two super Virasoro algebras. This case was discussed in [17] and is similar to the 
conformal one treated by Zamolodchikov [2]. 

The cases d = 2, | with vanishing self-coupling have been investigated in detail by T. 
Inami et al. [14]. 

«SW(|,2) 

This is the first case where a iSW-algebra does not close linearly. The commutation rela- 
tions are given by: 

[0m, 0n] = ^ C t^ m + n + ( U ~ m)Lm+n + - Tl)5 m+nfi 

[0m, ifcj = P 2 ,U (m, n) ( C^' G) A/-(0, G) m+n + C^ (L ' G W(L, G) m+n ) + 
p 2 5 5 (m,n)C^i(; m+n + 
P 2) 5,3(m,n)fC^G m+n 
[^mM+ =P h i4m,n)(C^W(cPA) m+n + C^' G W(ij,G) rn+n + 

</' L W(0, L) m+n + C*f> dG W(G, dG) m+n + 

cT' L) m,L) m+n )+ 



TpTp 

P| 5 1 2 (m, n) ( C^m+n + 2L m+n ) + 
2c /n + 



5 V 4 2 '""' + "- () 
where Cj^ = \C% , = and 



(r *s* 4(5c + 6) 2 



(4c + 21) (15 -c)' 

We have verified explicitly that the coupling constant C^^^ is zero. In general, the field 
A/"(0, 0) cannot be neglected since it contributes to the <i-matrix. Only for c = — | the 
self-coupling vanishes and all fields containing <fi or ip can be ignored. In this case the fields 
M{4>, 4>) and N{ip, 0) have vanishing primary projection. Generically, this algebra contains 
a super primary field of dimension 4 which is quadratic in the simple super primary field. 
We have verified that if this field occurs in a Jacobi identity the factor in front of it vanishes 
(cf. remark at the end of chapter 3). 

Thus the algebra exists generically, which is not surprising since the classical counterpart 
is the symmetry algebra of the super Toda theory corresponding to the super Lie algebra 
Osp(3\2). 

«SW(f,f) 

The self-coupling vanishes and only two c values are possible: 

5 10 

10 



SW(§,3) 

Here the self-coupling is zero again and the allowed c values are: 

_ _45 _27 5 



<sw(|,|) 

This is a case with non- vanishing self-coupling and consistency is obtained for: 



c 


(c|$) 






7 

5 


146016 
79135 


17 
11 


45009216 
523393 



In the sequel we present new <SW(|, <i)-algebras with d up to 7. 
«SW(|,4) 

While for c = — ^ the algebra <SW(§,4) is consistent for vanishing self-coupling, it is also 
consistent with nonzero self-coupling for four values of c: 



c 


(c|$) 






185 
4 


355359375 
161644468 


-13 


427063 
4247 


21 
2 


508369 
2499 


120 
13 


273043750000 
7804122111 


20 
3 






Only in the case c = — ^ the field Af(4>, 4>) has a nontrivial primary projection and even 
in this case the coupling constant C^^^ vanishes. This means that there is a primary 
field of dimension 8 contained in the algebra at c = — In this case the mentioned field 
contributes to the d matrix. 

SM§,f) 

This algebra exists only with vanishing self-coupling for three values of the central charge: 

69 81 4 

°~ ~T'~To'TT 



Analogously to 5W(§,3) the self-coupling has to vanish. Consistency implies here c 

105 
11 



11 



The algebra «SW(|, ^-) is consistent for five values of c: 



c 








10 
7 


844918800 
34554863 


11 

40 


91376712973 
3514069779 


155 
19 


394077798400 
181920009 


705 

8 


4322235328125 
3075066706603 


5 

13 






SW(§,6) 

This algebra is consistent with non- vanishing self-coupling for 



c 


(cf$) 






33 
2 


6309688448 
3137409 


-18 


16916841216 
17064005 


2241 
20 


788850108780331059 
143584629321555025 



With vanishing self-coupling it exists for: 

93 162 27 
C ~ ~Y'~l3"' 20 

The field jV(0, 4>) has a non- vanishing primary projection only for c = — 18 and — I n 
these cases is zero. 

This algebra exists only for zero self-coupling and c = — ^ . 

Finally we discuss the algebra obtained by adding a super primary field of dimension 7. 
Since 7 is odd the self-coupling vanishes. For this algebra we have checked the condition 
(0m, 4>n, 4>ki <fim+n+k) = only. The only allowed c values are: 

77 13 
C ~ ~T'~~8~ 

In the next section we will give some arguments that for these values of the central charge 
the algebra should indeed exist. 



12 



5. Structure of <SW(|, d) -algebras 



In this chapter we summarize our results concerning iSW-algebras with two generators. 
We will show that in perfect analogy to W(2, 5)-algebras for most values of the central 
charge a classification into special series is possible. 

W(2, 5)-algebras can be classified by the values of the central charge. Until now five 
different classes appeared: 

• the generically existing algebras related to simple Lie algebras (see e.g. [23]), 

• the algebras related to the ADE classification of A. Cappelli et al. [24] [10], 

• the algebras of the (l,s) series [25], 

• the parabolic W(2, <5)-algebras related to degenerate representations of the Virasoro 
algebra [26] and 

• some exeptional cases [10] [27]. 

For <SW(2, (i)-algebras these five types also exist as will be shown below. 

The algebras <SW(§, d) with | < d < 7 exist for the following values of the central charge: 



d 


c 






3 
2 


generic 


2 


generic 


5 
2 


5 10 
2' 7 


3 


45 27 5 
2 ' 7 ' 4 


7 

2 


17 7 

11 ' 5 


4 


185 iq 21 120 20 
4 ' ±0 ' 2 ' 13 ' 3 


9 
2 


69 81 4 
2 ' 10' 11 


5 


105 
11 


n 

2 


705 155 5 11 10 
8 ' 19 ' 13 '40' 7 


6 


2241 93 io 33 162 27 
20 ' 2 ' °' 2 ' 13 ' 20 


13 
2 


195 
14 


7 


77 13 

5 ' 8 



First, the generically existing algebras <SW(§, |) and <SW(§,2) are closely related to the 
Lie super algebras Osp(2\l) and Osp(3\2), respectively [14]. 

Secondly, all super minimal c values can be related to the ADE classification of modular 
invariant partition functions of A. Cappelli et al. [24]. To be more specific, we need the 
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minimal models of the super Virasoro algebra. Therefore we list the values of the central 
charge and the corresponding superconformal dimensions [28] [29] [30] [31]. 



3 2(p — q) 2 

c(p,q) = -(l ) with either p, q G IN , p, q coprime and p + q G 21N 

2 pq 

or p, q G 2N , |, | coprime and | + | G" 2N 

— ■ — ■ — ■ — ■ 

,/ \ (rp- gs) 2 - (p- g) 2 l-(-l) r+s 11// i 

V, s) = H — 1 < r < g - 1 , 1 < s < p - 1 

8pg 32 

(5.1) 

r + s even yields representations in the Neveu-Schwarz sector and r + s odd those in the 
Ramond sector. 

The divisibility conditions in (5.1) ensure that p, q G IN with p + q G 21N are chosen as 
small as possible. 



Some simple fusion rule arguments suggest the following 

Proposition: For any d G N with d = |(p — 2)(g — 2), p, q G 21N , |, | coprime and 
2is £ 21N+1 the algebra «SW(|, d) exists for c = c(p, g) with vanishing self-coupling. 



Since in this case the central charge belongs to the super minimal series and the dimension 
of the additional super primary field $ can be parametrized by d — h(l,p — 1) = h(q — l, 1), 
the well known fusion rules for super Virasoro minimal models may be applied [28] [29] [30]. 
In terms of superconformal families they read 



m x [<*>] = [i] 



such that the additional field of dimension d is a "simple current' in the sense of [32]. In 
this case general arguments suggest that this "simple current' can be added to the algebra 
of the superconformal family of the identity, although this has been proven only for the 
unitary case [32] [33] [34] [35] . 

Many examples with zero self-coupling may be explained by the proposition. In fact the 
two c values for which «SW(|, 7) might exist belong to this series, so one may assume that 
5W(§,7) indeed exists for these two values of the central charge. 



By considering the chiral part of the explicit form of a modular invariant partition function 
an interpretation for all super minimal values of the central charge is possible [24] : 
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series 


c(p, q) = (p, q) 


h(r, s) = (r, s) 


(D 2p +2, A q -i) 


(4p + 2,<z) 


(q - 1,1) = lp( q - 2) 




(p-1,12) 


(7,1)=^ 


(E 6 , D p+1 ) 


(2p,12) 


(5,1) = ^ 

(7,1) = V 
(11,1) = 


(E 8 ,A P . 2 ) 


(p-1,30) 


(11,1) = ^ 
(19,1)= 3( ^ 4) 
(29, 1) - 7(p " 3) 



Note that all fields corresponding to the dimensions h(r, s) given above are local. 
Because the partition functions related to the first two rows of the table consist of binomials 
only, the number of simple fields in corresponding RCFTs is at most two. This case 
is closely related to 5W-algebras with two generators. Indeed the (D 2p+2l A q _i) series 
leads exactly to the cases explained by our proposition. Furthermore, note that in the 
(Eq,D p+ i) and the (Eg,A p _2) series the number of simple fields is at most 4. So there 
seems to be a connection to iSW-algebras with four generators. Taking into account that 
the commutators of the super primary fields corresponding to the first h values cannot 
contain the other fields leads to series of <SW(§, <i)-algebras, too. For consistency the other 
super primary fields contained in these theories cannot be simple. 

There are two examples that fit in the (Eq, A p - 2 ) series both with Cj^, 7^ 0. Examples are 
<SW(§, |) at c = I and 5W(|, 4r) at y. This series is realized only for odd p leading to 
(p> q) = (p— 1> 12) that fullfil the divisibility condition in (5.1). These two Algebras can also 
be related to the (E 6 , D p+1 ) series where the dimension d is given by the second h value 
in the table. The (E 6 ,D p+1 ) series is realized for p = 7,11,13 as <SW(§, §), «SW(§,§) 
and <SW(|, "y) with vanishing self-coupling. Note that only the cases where p and 6 are 
coprime appear. Since «SW(|, |) and 5W(|, -y) exist for c = 4^ and both can be related to 
(Eq, D$) there should be a connection. We have explicitly verified that (S>V(|, |) contains 
a super primary non-simple field of dimension ^ at c = There is strong evidence 
that this yields a realization of <SW(|, ^) at the c value mentioned because we have 
calculated the self-coupling of one component of the non-simple super primary field. Its 
value is exactly that obtained by the direct construction of <SW(|, -y). For details we 
refer to appendix D. A similar construction where <SW(§, |) is realized as a subalgebra of 
«SW(|, |) at c = I has been carried out by K. Hornfeck [19]. 

The (E 8 , A p _ 2 ) series is realized only for p = 17 as <SW(§, y) at c = ^. 

For 12 < p < 16 the resulting pair (p — 1, 30) does not belong to the (Eg, A p _i) series since 
the divisibility condition in (5.1) is not satisfied. The next possible value for p is 23 and 
the corresponding dimension y. 
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Thirdly, note that «SW(|, d) exists for c = c(l, s), s odd and d = This case is similar 

to the conformal one treated by H.G. Kausch for W-algebras with two generators. In [25] 
a free field construction was presented and one can hope that similar techniques lead to a 
free field realization in the supersymmetric case. We will call this series the (1, s)-series. 

Fourthly, all 5W(|,d) with d = \n or d = 2n , n e N exist for c = |(1 - ^fd) = 
|(1 — 8n) = c^(n) or c = |(1 — 2d) = § (1 — 4n) = c d (n) respectively. These cases 
are related to degenerate representations of the super Virasoro algebra and will be called 
parabolic. The central charge and the dimensions of the primary fields for the super 
Virasoro algebra are given by [29]: 

c= ^(l-16a 2 ) 

ol± = \Jolq 2 + ^ ± a (5.2) 

(ra+ - sa-f 2 
n r ,8 = ^ 

Note that h r ^ r = ao 2 (r 2 — 1) and h r - r = ao 2 (r 2 — 1) + \r 2 . The series described above can 
be obtained by adding an additional field of super conformal dimension d = /z-2,2 or d = h^^ 
to the superconformal family of the identity. Note that these fields are local because they 
obey the locality condition 

tdd = e 2T*(l-r) 2 «S = e 2 ™^ d = ±1 

if one assumes 2 r 7_[ d G IN. Taking into account that the fields corresponding to /z-2,2 or 
hs t s are either bosonic or fermionic leads to the possible values of d given above. For r > 4 
one would not get a 5W-algebra with only two generators. These algebras lead to rational 
theories with effective central charge c = | [36]. For the similar case of W( 2, 5) -algebras 
the characters and S'-matrices have been calculated and the generalization to the super 
case is straightforward [26]. 

Finally, some algebras remain which do not belong to any of the series described above. All 
of them have non- vanishing self-coupling. The investigation of the representation theory of 
these algebras leads to a better understanding. One obtains e.g. that the effective central 
charge is greater than | [36]. 

Finally we list all <SW(§, of)-algebras with | < d < 7 and show how they fit into these 
patterns. 
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d 


c = c(p, g) 


d = h(r, s) 


series 




L'^.j) — U 


<o<|> / rv 
















3 
2 


generic 


generic 






2 


(10,4) = -f 


generic 


(3,1) 


(D 6 ,A 3 ) 


5 
2 


(3,1) = -| 




(3,1) 


(M) 




(H12)= 10 




(5,1) 


(E 6 ,D 8 ) 




(14,4) = -f 




(3,1) 


(D 8 ,A 3 ) 


3 


(6,8) = | 




(7,1) 


(D 4 ,A 7 ) 




4(2) = -f 




(2,2) 


parabolic 


7 

2 




(10,12) = | 

_ il 

1 1 
1 1 


(7,1) 


(E 6 ,A 9 ) 
? 




(18,4) = -f 

V ' / 3 




(3,1) 


(D 10 ,A 3 ) 


4 




4(2) = -it 

185 

-13 

120 
13 


(3,3) 


parabolic 

? 

? 
? 




(M) = -ffj 




(3,1) 


(M) 


9 
2 


(22,12) = £ 




(5,1) 


(E 6 ,D 12 ) 




4(3) = -f 




(2,2) 


parabolic 


5 


(22,4) = -if 




(3,1) 


(D 12 ,A 3 ) 




(26,12) = - A 

\ ' / 13 




(5,1) 


(E 6 ,D l4 ) 






(14,12) = ^ 

v ' / 7 


(7,1) 


(E 6 ,A 13 ) 


11 

2 




(16,30) = % 

705 

8 
155 

19 


(H,l) 


(E 8 ,A 15 ) 
? 
? 




(26 4) = 




(3 1) 


V-^14, -^M/ 


6 


(10,8) = § 




(7,1) 


(As,^ 7 ) 




4(4) = -f 




(2,2) 


parabolic 






40) = -f 


(3,3) 


parabolic 






-18 




? 






2241 
20 




7 


13 
2 


(7,1) = -3? 




(3,1) 


(M) 


7 


(30,4) = -£ 




(3,1) 


(£>16,A 3 ) 




(6,16) = -f 




(15,1) 


(^4,^15) 
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6. Explicit results about <S»W(§, d l5 d 2 )-algebras 

In this charpter we present our results about the construction of iSW-algebras with two 
additional generators. For these algebras one has to check the validity of 20 Jacobi iden- 
tities. For SW(%,d 1 ,d 2 ) we will denote the two additional super fields of dimension di by 

& = + 0ip\ 

«SW(|,f,f) 

In this case there are five free parameters namely the central charge and four coupling 
constants. Consistency implies that the commutators close linearly in the fields and also 
the following condition: 

(r^ 2 \ 2 -l ( r^ 1 \ 2 — n^ 2 n^ 2 _ r^ 1 r^ 1 _ a — n 

In complete analogy to the <SW(|, |) -algebra one can choose a new basis such that the 
resulting commutators define the direct sum of three super Virasoro algebras. As described 
in [17] this case can be generalized easily to the extension of the super Virasoro algebra 
by n simple fields of dimension |. 

The following algebra has been studied in [18] using the covariant approach. 

For this algebra five parameters have to be calculated. The Jacobi identities imply that 
two sets of solutions exist: 

1-) 

cf^ = 



( C t>4> 2 ) 



* _ 4(i2+ioc+3(^ 2 ; 2 ) 2 ) 2 (4+ (c^; 2 ) 2 ) 

(84 + 16c + 21 (^, 2 ) 2 ) (60 - Ac + 15(Cj 2 \ 2 ) 2 ) 



2.) 



L/ <^ 2 ^ 2 — 2 ^V 1 

r 4> 2 8c r 4> 2 

V* 1 - 10c -27 <^ 2 

This means that in both cases there remain two free parameters. While the first solution 
is a trivial one as discussed below the second solution could be the symmetry algebra of 
the quantized Toda theory corresponding to D(2\l,a). 
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SW(|,|,f) 

Since the coupling constant of the superconformal family of dimension | to the supercon- 
formal family of dimension | and the self-coupling of the latter are zero there remain three 

free parameters. Two types of solutions exist with vanishing C^^: 

1-) 

. ^ y»_ 14c -20 v v _ 2(7c-20) 10 

^ 2_ 8c + 20 v v _ 8(c + 5) 5 

or \y<p<p) - - ^ - g ^ ~2 



2.) 



(^2^2) = -4 C^ 1(j}1 C^ 2(j}2 = -8 

In both cases the central charge is free. 

For SW(§, f ,2) and 5W(§, f , |) the first solutions can be decomposed into a direct sum. 
In general, one has the following structure. Assume that <SW(|, d) with generators £ and 

$ exists for c and self-coupling (7?^ = /(c). Then «SW(|, exists for generic central 
charge c and: 

r 1 ^ 2 - n (r^ 1 \~ 
W 1 ^ 1 ~ u V^ah 1 ) 



c c — c 

k; 2 ) 2 = 4^ cf* = ?/(4(4 + 

This is easily seen since a change of basis implies for this solution: 



<SW(§, f , d) = 5W(|) © <SW(§, d) 

For the second solution of «SW(|, |, |) such a change of basis becomes singular and is 
therefore not possible. It is remarkable that one can choose a linear combination of the 
super Virasoro field and the additional super field of dimension | such that the resulting 
field (anti-) commutes with itself. This field is built up by the sum of the Super Virasoro 

field and times the field fc 1 . 

<$W(§,2,2) 

Consistency implies fixed central charge and the following conditions for the four free 
coupling constants: 

3 

c = - 
2 



r"P — —r"f > — —r"> 

/(f) 1 > 2 f 4> 2 \ ^ 
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: 2 



For this solution the fields A/"^ 1 , -Af((p 2 , (p 2 ) and A/"^ 1 , 4> 2 ) have no primary projection 
and do not contribute to the algebra. 

Obviously, this algebra has an inner £0(2) symmetry realized as a rotation in the space 
of the super fields of dimension two. Consequently the solution is determined by relations 
that are invariant under the action of SO(2). Note that a rotation by an angle a in the 
space of super fields yields a rotation of angle 3a in the space of self-couplings. 

One could speculate that iS>W(§, 2, 2) for subalgebra of <SW(f , 2, 2, |), which 

should exist generically and is related to Osp(4\4) [37]. A very similar case for the 
W(2, 4, 4)-algebra which is related to S0(8) has been treated in [25]. 

«SW(f,2,§) 

For this algebra there exist two consistent sets of solutions: 
1-) 



r 1 ^ 1 n't' 1 



c = -15 
2 40 



13 

1058 

65 
92 

13 



2.) 



c 

2 



39 

y 



1058 



(^vO - | | 

For c = —15 the field A/'(0 1 , </> 2 ) can be written as a linear combination of the other fields 
of dimension |. This is the only case in which null fields appear and must be omitted (cf. 
the remark at the end of chapter 3). 

«SW(§,§,§) 

There is no solution for this algebra. Analogously to W-algebras a 5W-algebra with 
two additional super fields and no nonzero coupling constant cannot exist, since a Jacobi 
identity of type ([[</> 1 m , <f> 1 n ]±, 2 fc] ± ) ; = cannot be satisfied [10]. 

That means 5W(|, di, d 2 ) cannot exist for [d± + \], [d 2 + \] e 2K + 1. 

*w(ii,5) 

In this case two coupling constants are free and one obtains only one set of solutions with 
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no free parameters: 



_ 13 
, ^ .2 5208 



979 
2 317709 



60698 



^ ^ 5166 



979 



This is an algebra predicted by Schoutens et al. in [38] by coset considerations. It has 
been shown in [19] by K. Hornfeck that if this SW-algebra has a W(2, 3,4) as subalgebra 
it can at most exist for c = ^. Indeed this value is the only possible one. 



7. Conclusion 



Using a non-explicitly covariant approach we have been able to construct a whole bunch 
of new 5W-algebras with two generators. Most of the results fit into systematic patterns 
in complete analogy to W-algebras. For some new <S W-algebras namely <SW(§,4) at 
c = -if ,-13 and «SW(§ , ^) at c = -Zjp,-^ and <SW(§,6) at c = -18, 
an interpretation has not been found yet. Even the interpretation of «SW(§, |) at c = — yy 
is still an open question although this algebra has been known for some time. A study 
of the possible and physically relevant highest weight repesentations of these algebras will 
lead to a better understanding of these algebras. The methods explained in [39] [27] can 
be applied to this case with only small changes and work is in progress [36]. 
In contrast to W( 2, 5) -algebras no consistent <5>W(§, d) -algebras with irrational values of 
the central charge appeared. Furthermore, there is only one generically existing nonlinear 
<SW(§, d)-algebra, namely <SW(§, 2). 

For ^W-algebras with three generators we have constructed two new algebras that exist 
for finitely many c values only. 

Since the difficulties of the transition from W-algebras to <SW-algebras have not been too 
hard we are confident that similar calculations for the super N = 2 case will be possible 
in the near future. 
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Appendix: 



In the appendices A, B and C we list all fields and determinants (of matrices (<%)) which 
occur in the examples considered in chapter 4. Because fields of different conformal dimen- 
sions are orthogonal, the matrices have block-diagonal form. Furthermore, all fields in the 
superconformal family of the identity have vanishing (dij) with fields of the superconformal 
family of the additional super primary field. Thus the determinants factorize in two terms: 

detD s = deW [ g ] detD [ f ] 

where [d] stands for the superconformal family of the additional super primary field of 
dimension d and 5 is the dimension considered. But there is one exception to this rule: 
if d e 2N and S = 2d the field Af(4>, (j>) is involved and the determinant detD s does not 
factorize. Because such determinants are very complicated we omit them. 

Appendix A: A basis of quasiprimary fields up to dimension ^ built up by C 

d = § : 1 field : G 
detD [ l ] = % 

2 6 

d = 2 : 1 field : L 

detD l z ] = § 

d=\:\ field : Af(L, G) 
detD [ l ] = ^c(21 + 4c) 

d = 4 : 2 fields : Af(G, dG), Af(L, L) 
detD [ l ] = ^c 2 (21 + 4c)(-7 + 10c) 

d = | : 1 field : J\f(L, dG) 
detD [ l ] = -A c (_7_|_ i0c) 

d= % : 2 fields : Af(L, d 2 G), J\f(J\f(L, L),G) 
detD [ H = ^c 2 (ll + c)(21 + 4c) (-7 + 10c) 

d = 6 : 4 fields : 

M(G, <9 3 G), N{N(L,G),dG), M(M(L,L),L), N{L,8 2 L) 
detD l Q ] = 3ygC 4 (ll + c)(21 + 4c) 2 (-7 + 10c) 2 (ll + 14c) 

d=f:2 fields : 

Af(L, d 3 G), N(N(L, L),dG) 

detD [ H = g^c 2 (21+4c)(-7 + 10c)(ll + 14c) 

d = 7 : 1 field : Af(Af(L, G),d 2 G) 
detD^ = - Jc(21 + 4c) (-7 + 10c) 
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d = f : 5 fields : 

J\f(J\f(G,dG),d 2 G), N{L, d 4 G), J\f(J\f(L, L),d 2 G), 
J\f(J\f(J\f(L, L),L),G), J\f(J\f(L, d 2 L) , G) 

detD [ ll = (-1 + c)c 5 (ll + c)(21 + 4c) 3 (135 + 8c) (-7 + 10c) 3 (ll + 14c) 



d = 8 : 7 fields : 

N{G, d 5 G), J\f(J\f(L, G),d 3 G), J\f(J\f(L, dG),d 2 G), 

J\f(Af(J\f(L, L),G),dG), J\f(J\f(J\f(L, L),L),L), J\f(J\f(L, L),d 2 L), Af(L, d A L) 
detD^ = + c)c 7 (ll + c) 2 (21 + 4c) 4 (135 + 8c)(-7 + 10c) 4 (ll + 14c) 2 

d = % : 4 fields : 

N(L, d 5 G), N{N{L, L),d 3 G), N{N{N{L,L),L),dG), N{N{L, d 2 G),dG) 
detD [ S = f§§ c 4 (ll + c)(21 + 4c) 3 (-7 + 10c) 3 (ll + 14c) 

d = 9 : 4 fields : 

N{N{L, G),d 4 G), J\f(J\f(L, dG),d 3 G), N{N{N{L, L),G),d 2 G), N{N{L, L),d 3 L) 
detD [ g ] = + c)c 4 (ll + c)(21 + 4c) 3 (-7 + 10c) 3 (ll + 14c) 

d=f:9 fields : 

J\f(J\f(G, dG) , d^G) , N{N{N{L, G) , dG) , d 2 G) , 

M{L, d 6 G) , Af(J\f(L, L) , d A G) , Af(Af(J\f(L, L),L), d 2 G) , 

N{N{L,d 2 L),d 2 G), Af(J\f(J\f(J\f(L, L),L),L),G), Af(Af(Af(L, L) , d 2 L) , G) , 

N{N{L,d A L),G) 

detDl i = "llfollrf i- 1 + c ) 2c9 ( n + c ) 3 ( 21 + 4c ) 6 



d = 10 : 12 fields : 

N{G, d 7 G), J\f(J\f(L, G),d 5 G), J\f(J\f(L, dG),d 4 G), N{N{L, d 2 G),d 3 G), 
Af(Af(Af(L, L),G), d 3 G) , Af(Af(Af(L, L) , dG) , d 2 G) , Af(J\f(Af(J\f(L, L),L),G), dG) , 
J\f(J\f(J\f(L, d 2 L) , G) , dG) , J\f(J\f(J\f(J\f(L, L),L),L),L), N{N{N{L,L),L),d 2 L) 
N{N{L,L),d A L), Af(L, d 6 L) 



d = ^ : 10 fields : 

U{N{G,dG),d 5 G), N{N(N(L,G),dG),d 3 G), N{L,d 7 G),N{N{L,L),d 5 G), 
Af(Af(Af(L,L),L),d 3 G), J\f(J\f(L, d 2 L),d 3 G), Af(Af(Af(Af(L, L),L),L), dG), 
J\f(J\f(J\f(L, L) , d 2 L) , dG) , J\f(J\f(L, d 4 L), dG), Af(Af(Af(L, L),d 3 L),G) 



(114 + 5c)(135 + 8c)(-7 + 10c) 



(11 + 14c) 3 




4 (21+4c) 8 (114 + 5c) 




(135 + 8c) (-7 + 10c) 7 (ll + 14c) 4 (95 + 22c) 
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d = 11 : 9 fields : 

J\f(J\f(L, G),d 6 G), J\f(J\f(L, dG),d 5 G), N(N(L, d 2 G),d 4 G), 

Af(Af(Af(L, L),G), d 4 G) , Af(Af(Af(L, L) , dG) , d 3 G) , J\f(J\f(J\f(J\f(L, L),L),G), d 2 G) , 
J\f(J\f(J\f(L, d 2 L),G),d 2 G), M{N{N{L,L),L),d 3 L), J\f(J\f(L, L),d 5 L) 

detD® = - 2817 2 9 2 ? 5 ° 5 4 4 2 7 9056 (-1 + c) 2 c 9 (ll + cf {21 + 4c) 7 (135 + 8c)(-7 + 10c) 7 (ll + 14c) 4 
d = f : 16 fields : 

N(N(G, dG), d 6 G), J\T(N(N(L, G) , 9G) , <9 4 G) , N{N{N{L, G) , <9 2 G) , <9 3 G) 

Af(L,d 8 G), J\f(J\f(J\f(J\f(L, L),G), dG) , d 2 G) , J\f(J\f(L, L),d Q G), 

J\f (J\f(J\f(L, L),L), d A G) , J\f(J\f(L, d 2 L) , <9 4 G) , J\f(J\f(J\f(J\f(L, L),L),L), d 2 G), 

J\f (J\f (J\f (L, L),d 2 L),d 2 G), Af(N(L, d 4 L),d 2 G), J\f(J\f(J\f(L, L) , d 3 L) , <9G) 

Af (J\f (J\f iAf(J\f(L, L),L),L),L),G), J\f(J\f(J\f(J\f(L, L) , L), <9 2 L) , G) , 

J\f (Af (J\f (L, L) , d A L) , G) , Af(Af(L, d 6 L) , G) 

^c+nt 1 ] — 16543163447903718821855232000000 / i , _\4„16M i i ^6/01 1 /|„U2 
aeiU^ — 217H8368393969 ^ 1 + CJ C ^11 + C) (Z± 4CJ 

(115 + 4c) (114 + 5c)(135 + 8c) 3 (-7 + 10c) 12 (ll + 14c) 6 (95 + 22c) 
d = 12 : 23 fields : 

N{N{N{G,dG),d 2 G),d 3 G), N(G, d 9 G), N(N(L, G),d 7 G), 
Af(Af(L,dG),d 6 G), Af(Af(L, d 2 G),d 5 G), J\f(J\f(L, d 3 G),d 4 G), 
Af(Af(Af(L,L),G),d 5 G), J\f(N(Af(L, L) , dG) , d 4 G) , J\f(J\f(J\f(L, L),d 2 G),d 3 G), 
Af (J\f(J\f (J\f(L, L),L),G), d 3 G) , Af(Af(Af(Af(L, L),L), dG) , d 2 G) , 
Af(Af(J\f(L, d 2 L) , G) , d 3 G) , Af(J\f(J\f(L, d 2 L) , dG) , d 2 G) , 
Af(Af(Af(Af(Af(L, L),L),G), dG) , L) , Af(Af(Af(Af(L, d 2 L) , G) , dG) , L) , 
J\f (J\f (J\f (L, d 4 L) , G) , dG) , Af(Af(Af(Af(Af(L, L),L),L),L),L), 
J\f(J\f(J\f(Af(L, L),L),L), d 2 L) , J\f(J\f(J\f(L, L),L), <9 4 L) , 

Af(Af(Af(L,L),d 2 L),d 2 L), J\f(J\f(L, L),d 6 L), Af(Af(L,d 2 L),d 4 L), Af(L, d 8 L) 

j j.t-)[1] _ 69893115257789204783084854925269516104499200000000000000000 / i , \6„23 
uefciy 12 20710629462273412554478537721 v * 

(11 + c) 8 (21 + 4c) l6 (115 + 4c) (114 + 5c) 2 (135 + 8c) 4 (-7 + 10c) 17 
(11 + 14c) 9 (95 + 22c) 2 (161 + 26c)(-81 + 70c) 

d = f : 19 fields : 

J\f(J\f(G, dG) , d 7 G) , N(N(N(L, G) , dG) , d 5 G) , 

J\f(Af(Af(L, G) , d 2 G) , <9 4 G) , Af(J\f(J\f(L, dG) , d 2 G) , d 3 G) , 

Af(L,d 9 G), J\f(J\f(Af(J\f(L, L),G), dG) , d 3 G) , J\f(J\f(L, L),d 7 G), 

N{N{N{L,L),L),d 5 G), N{N{L,d 2 L),d b G), N{N{N{N{L,L),L),L),d 3 G), 

J\f(J\f(J\f(L, L) , d 2 L) , d 3 G) , J\f(J\f(L, d*L) , d 3 G) , 

J\f(Af(J\f(L, L) , d 3 L) , d 2 G) , Af(Af(Af(Af(Af(L, L),L),L), dG) , L) , 

J\f(J\f(J\f(Af(L, L),d 2 L),dG),L), J\f(J\f(J\f(L, L), 9 4 L), dG), 

J\f (J\f (L, d 6 L),dG), N{N{N{N{L,L),d 3 L),G),L), Af(J\f(J\f(L, L), d 5 L), G) 

Jp+nl 1 ] 35952348246922073178578114668020015110823318926445772800000000000000000000 
Ut-iu^. 12565355615115842815180391716848789977906099 

(-1 + c) 5 c 19 (ll + c) 7 (21 + 4c) 14 (114 + 5c)(135 + 8c) 3 (-7 + 10c) 15 
(11 + 14c) 8 (95 + 22c) (161 + 26c) (-81 + 70c) 
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Appendix B: A basis of quasiprimary fields up to dimension d(<£>)+6 built 
up by one super primary field $ and C 

d = d($) : 1 field : 



d = : 1 field : 

d = d($) + § : 1 field : 
M{^G) 

d = d($)+2 : 2 fields : 
Af(<t>,L), W,G) 

d = d($)+§ : 2 fields : 

d = d($)+3 : 2 fields : 
M(4>, dL), ATfadG) 

d = d($)+| : 3 fields : 

N{^d 2 G), N{N{^L),G), N{ip,dL) 

d = d($)+4 : 5 fields : 

J\f(J\f((j), G),dG), J\f(J\f((f), L),L), Af((j),d 2 L), 
N(ij,d 2 G), N{N{i),L),G) 

d = d($)+f : 6 fields : 

Af(<f),d 3 G), Af(Af((f), L),dG), Af(Af((f>,dL),G), 
Af(Af(iJj, G),dG), J\f{N{i>, L),L), N{^,d 2 L) 

d = d($)+5 : 6 fields : 

Af(Af(<t>,G),d 2 G), Af(Af(4>,L),dL), Af(^d 3 L), 
AT(^,a 3 G), J\f(J\f(ip, L),dG), J\f(J\f(ijj, dL),G) 



d = d($) + ^ : 8 fields : 

M(4>, d 4 G), J\f(J\f(4>, L),d 2 G), J\f(J\f((f), dL),dG), 
J\f(J\f(J\f((f), L),L),G), Af(J\f(<j), d 2 L),G), Af(Af(ip, G),d 2 G), 
Af(Af(ifj, L),dL), A/"(^,d 3 L) 



d = d($)+6 : 12 fields : 

J\f(J\f(<f), G), d 3 G), N{N{4>,dG),d 2 G), N{N{N{4>, L),G),dG), 
Af(Af(Af(<t>,L),L),L), M{M{<P,L),d 2 L), Af(Af(^dL),dL), 
AT(0, d 4 L) , J\f (ip , d^G) , J\f (Af (ip , L) , d 2 G) , 
A/" (A/" (ip, dL),dG), Af(M(Af(iP,L),L),G), M(M(iP,d 2 L),G) 

25 



Appendix C: Determinants of quasiprimary parts of the Kac-matrix 
with one additional super primary field involved 

5W(§,2) : 

detDf = ^c(6 + 5c) 
fa] 



detD l 4 2] = - i ^(29 + 2c) (6 + 5c) 



150' 

detD [ 5 i] = -^c(21 + 4c) 

deW J 1 = 3^c 2 (53 + 2c)(21 + 4c) 

de*£>? ] = + c)c 2 (53 + 2c) 

ctetZ)f = tJt(-1 + c)c 2 (21 + 4c) 



detD 1 ^ = -^c(20 + 3c) 



detDp = - g^c 2 (61 + 2c) (20 + 3c) 
detD 1 ^ = -4fec 2 (61 + 2c)(-7 + 10c) 

det£)j, 4] = - c 2 (20 + 3c) (-7 + 10c) 

detD 1 ^ = - T gi3 T c 3 (61 + 2c)(20 + 3c) 2 (-65 + 44c) 

~ 29513484 1 



deWf = 2Q51 l 484 c 5 (5 + 2c)(61 + 2c) 2 (20 + 3c) 2 (-7 + 10c)(377 + 10c)(-65 + 44c) 



2' 2 

detD [ 7 ^ ] = -± c (ll + c) 
detD l J ] = T ^c 2 (ll + c)(85 + 2c) 



2 

'ill 



detD l 8 2i = -^c 2 (85 + 2c)(5 + 13c) 



in 



detD 1 ^ ' = ^c 2 (ll + c)(5 + 13c) 



2 

-111 



detD l 9 2i = - T ^c 3 (ll + c) 2 (85 + 2c)(-10 + 7c) 



detD [ J 1 = 22n L 47 c 5 (ll + c) 2 (85 + 2c) 2 (-10 + 7c) (5 + 13c)(4717 + 1092c + 20c 2 ) 



1155 
1 

2203047 1 

detD'J 1 = 2085 5 7419 c 6 (ll + c) 2 (15 + c)(85 + 2c) 2 (-5 + 4c) (5 + 13c) 2 (4717 + 1092c + 20c 2 ) 
detD l J ] = 193 8 2 \ 9 o 2 o o 497 c6 ( n + c ) 3 ( 15 + c )( 85 + 2c) 2 (-5 + 4c)(-10 + 7c) (5 + 13c) 2 



2 

'ill 



SW(f ,6) : 

detD 1 ^ = Tj7c(162 + 13c) 

2 

detD [ g ] = -3^ 2 -c 2 (93 + 2c)(162 + 13c) 
detD 1 ^ = - T ^c 2 (93 + 2c) (11 + 14c) 

deWf = - 2 ^2 C 2 (162 + 13c)(ll + 14c) 
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detD [ fl = -33^3qC 3 (93 + 2c)(162 + 13c) 2 (-27 + 20c) 

dztDfo = 1602229005 c5 ( 93 + 2c) 2 (162 + 13c) 2 (ll + 14c)(-27 + 20c)(5917 + 1188c + 20c 2 ) 
detD 1 !} = - 18675 g 80639 c 6 (33 + 2c)(93 + 2c) 2 (162 + 13c) 2 (ll + 14c) 2 
(-27 + 20c)(5917 + 1188c + 20c 2 ) 

461283125 c6 ( 33 + 2c )( 93 + 2c) 2 (162 + 13c) 3 (ll + 14c) 2 (-27 + 20c) 2 



detD l S 



^2 = - 8672877 2 4 95 8 1175175 c8 ( 93 + 2c ) 3 ( 162 + 13c ) 5 ( n + 14c ) 



detDfi 



86728774951175175" V"" 1 1 V" 1 ^ "V 

(-27 + 20c) 2 (-43 + 85c)(5917 + 1188c + 20c 2 )) 

4121596552 8 78 9 35118523 025 C12 ( 33 + 2c ) ( 93 + 2c ) 5 ( 162 + 13c) 8 (ll + 14c) 3 

(-27 + 20c) 3 (-43 + 85c) (5917 + 1188c + 20c 2 ) 2 (-837 + 8540c + 140c 2 ) 



Appendix D: Realization of SW(f, ^) at c = f as a subalgebra of <S>V(§, f ) 

As mentioned in chapter four and five there is a strange connection between these algebras 
at c = y. <SW(§, §) contains a super primary field of dimension 4-k The two components 
of this field are: 

= a ( AffcM) + M§>C+^{L,tPG) - §S- 3 C^M(M(L,L),G) ) 
^ = ( A/"(^>, </>) + ^(0, 90) + SlAT(G, d 3 G) + 

iSf^(L, 9 2 L) - f^A/W^, G),dG)) - ^N{N{L, L ^ L ) ) 

a 2 _ 176001 



1567918 



where $ = + ^ is the simple super primary field of dimension |. The fields ,-0 are 
orthogonal to all other fields of dimension 4^ , 6 and their normalization is described by 
(3.3'). We have calculated the self- coupling: 



, j 2 _ 844918800 
^ W ' 34554863 



This is exactly the coupling obtained in the direct construction of <SW(§, -y) at c = -y. 
The two different signs of the coupling are realized by the two possible signs for a. 
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